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Abstract
A new model of nonlinear electrodynamics with three parameters
is suggested and investigated. It is shown that if the external con-
stant magnetic field is present the phenomenon of vacuum birefrin-
gence takes place. The indices of refraction for two polarizations of
electromagnetic waves, parallel and perpendicular to the magnetic in-
duction field are calculated. The electric field of a point-like charge
is not singular at the origin and the static electric energy is finite.
We have calculated the static electric energy of point-like particles
for different parameters of the model. The canonical and symmetri-
cal Belinfante energy-momentum tensors and dilatation current are
obtained. We demonstrate that the dilatation symmetry and dual
symmetry are broken in the model suggested.
1 Introduction
It is known that in Maxwell’s electrodynamics a point-like charge has an in-
finite electromagnetic energy. This problem of singularity was solved in the
Born-Infeld (BI) electrodynamics [1], [2], [3] where a new parameter with
the dimension of the length was introduced. The dimensional constant intro-
duced in BI electrodynamics gives the upper bound on the possible electric
field. Therefore, non-linear electrodynamics can give a finite electromagnetic
energy of an electron. It should be noted that in QED one-loop quantum
corrections give contributions to classical electrodynamics that result in the
appearance of non-linear terms in the Lagrangian [4], [5], [6]. Some examples
of non-linear electrodynamics were considered in [7], [8], [9], [10], [11], [12]
and [13]. Thus, for strong electromagnetic fields in the vacuum we have to
take into account non-linear effects. In addition, nonlinear electrodynamics
can arise due to possible quantum gravity corrections.
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In this paper we suggest and investigate a new model of nonlinear elec-
trodynamics which has the same attractive feature as in BI electrodynamics:
a finite electromagnetic energy of a point-like charge. We introduce the di-
mensional parameters β, γ and the dimensionless parameter C. At C = 0,
γ = 0 the model becomes Maxwell’s electrodynamics. If γ 6= 0 the model
possesses the phenomenon of birefringence. We note that in generalized BI
electrodynamics [14] birefringence takes place.
The paper is organized as follows. In section 2, we postulate the La-
grangian of a new model of non-linear electrodynamics. The field equations
are represented in the form of Maxwell’s equations with the electric permit-
tivity εij and magnetic permeability µij tensors depending on electromagnetic
fields. It is shown that the electric field of a point-like charge is not singular
at the origin. In section 3 we investigate the effect of vacuum birefringence
in the presence of a constant and uniform magnetic field. The canonical
and symmetrical Belinfante energy-momentum tensors, the dilatation cur-
rent and its non-zero divergence are obtained in section 4. The section 5 is
devoted to the conclusion.
We use the Heaviside-Lorentz system with h¯ = c = ε0 = µ0 = 1 , and the
Euclidian metric. Greek letters run from 1 to 4 and Latin letters run from 1
to 3.
2 The model and field equations
We postulate the Lagrangian density of nonlinear electrodynamics
L = −F − C
β
arcsin(βF) + γ
2
G2, (1)
where β, γ are parameters with the dimension of length4 (βF , γG are dimen-
sionless) and C is a dimensionless parameter. The Lorentz-invariants are F =
(1/4)F 2µν = (B
2 −E2)/2, G = (1/4)FµνF˜µν = E ·B, and Fµν = ∂µAν − ∂νAµ
is the field strength tensor, F˜µν = (1/2)εµναβFαβ is a dual tensor (ε1234 = −i)
and Aµ is the 4-vector-potential. At C = 0, γ = 0 the Lagrangian density
(1) becomes the Maxwell Lagrangian density. We expect that the non-linear
model introduced is an effective non-linear model of electrodynamics which
occurs at strong electromagnetic fields.
From Eq. (1) and the Euler-Lagrange equations we obtain the equations
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of motion
∂µ
Fµν + CFµν√
1− (βF)2
− γGF˜µν
 = 0. (2)
With the help of the expression for the electric displacement fieldD = ∂L/∂E
(Ej = iFj4), we obtain from Eq.(1)
D =
1 + C√
1− (βF)2
E+ γGB. (3)
Eq.(3) can be represented in the tensor form, Di = εijEj , where the electric
permittivity tensor εij is
εij = εδij + γBiBj , ε = 1 +
C√
1− (βF)2
. (4)
The magnetic field is given by H = −∂L/∂B (Bj = (1/2)εjikFik, ε123 = 1),
and we obtain from Eq.(1)
H =
1 + C√
1− (βF)2
B− γGE. (5)
Introducing the magnetic induction field Bi = µijHj , one finds the inverse
magnetic permeability tensor (µ−1)ij
(µ−1)ij = εδij − γEiEj . (6)
Field equations (2) can be rewritten, with the aid of Eqs. (3),(5), in the form
of the first pair of Maxwell’s equations
∇ ·D = 0, ∂D
∂t
−∇×H = 0. (7)
The Bianchi identity
∂µF˜µν = 0, (8)
gives the second pair of Maxwell’s equations
∇ ·B = 0, ∂B
∂t
+∇×E = 0. (9)
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Equations (7),(9) are Maxwell’s equations where the electric permittivity
tensor εij and magnetic permeability tensor µij depend on the fields E and B.
Eqs. (3),(5) mimic a medium with complicated properties. From equations
(3),(5), one can obtain the equality D ·H = (ε2 + 2γεF − γ2G2)E · B. As
D ·H 6= E · B the dual symmetry is broken [15]. At C = 0 (ε = 1), γ = 0,
we arrive at classical electrodynamics and the dual symmetry is recovered.
It should be noted that BI electrodynamics is dual symmetrical but in QED,
due to one loop quantum corrections (Heisenberg-Euler Lagrangian), the dual
symmetry is broken.
Let us consider electrostatics, B = H = 0. Then the equation for the
point-like charge is given by
∇ ·D0 = eδ(r) (10)
with the solution
D0 =
e
4pir3
r. (11)
Eq. (11), taking into consideration (4), becomes
E0
1 + C√
1− β2E40/4
 = e
4pir2
. (12)
The solution to Eq. (12) at r → 0 is given by
E0 =
√
2√
β
. (13)
Thus, the maximum electric field (13) has a finite value similar to BI electro-
dynamics. In linear electrodynamics the electric field strength possesses the
singularity that results in an infinite electric energy of the point-like charged
particle.
It is useful to define unitless values
x =
4
√
2pir2
e
√
β
, y =
√
β
2
E0.
Then Eq. (12) is rewritten as
x =
√
1− y4
y
(√
1− y4 + C
) . (14)
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At x→ 0 (r → 0), we have y → 1 and this is equivalent to Eq. (13). When
distance r approaches to infinity, x→∞, and y → 0. As a result, the electric
field of a point-like charged particle is finite at the origin. The function x(y)
for different values of the parameter C is presented in Fig.1.
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Figure 1: x versus y for different values of the parameter C.
3 Vacuum birefringence
Vacuum birefringence within QED was investigated in [16], [17]. Let us
consider the external constant and uniform magnetic induction field B0 =
(B0, 0, 0) and the plane electromagnetic wave (e,b)
e = e0 exp [−i (ωt− kz)] , b = b0 exp [−i (ωt− kz)] , (15)
propagating in the z-direction. The total electromagnetic fields are E = e,
B = b + B0. We consider the case of the strong magnetic induction field.
Then amplitudes of the electromagnetic wave, e0, b0, are small compared
to the magnetic induction field, and we have e0, b0 ≪ B0. Linearizing Eq.
(3),(5) one finds the electric permittivity and magnetic permeability tensors
εij = εδij+γδi1δj1B
2
0
, ε = 1+
C√
1− β2B40/4
, µij = µδij, µ = ε
−1. (16)
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As C ≪ 1 and β2B4
0
≪ 1, the term Cβ2B4
0
in the expression for µij was
neglected. From Maxwell’s equations (7), (9) we obtain the wave equation
∂2jEi − µεij∂2tEj − ∂i∂jEj = 0. (17)
In the case when the polarization is parallel to the external magnetic field,
e = e0(1, 0, 0), and from Eq. (17) one finds the relation µε11ω
2 = k2. Then
the index of refraction is given by
n‖ =
√
µε11 =
√√√√√1 + γB20
√
1− (βB20)2 /4
C +
√
1− (βB20)2 /4
. (18)
If the polarization of the electromagnetic wave is perpendicular to the ex-
ternal induction magnetic field, e = e0(0, 1, 0), and the relation µεω
2 = k2
holds. Then the index of refraction is
n⊥ =
√
εµ = 1. (19)
As a result, the effect of vacuum birefringence takes place and the phase
velocity depends on the polarization of the electromagnetic wave. When the
polarization of the electromagnetic wave is parallel to the external magnetic
field, e0 ‖ B0, the speed becomes v‖ = 1/n‖ (c = 1), and in the case e ⊥ B0
the speed of the electromagnetic wave is v⊥ = 1.
4 The energy-momentum tensor and dilata-
tion current
From Eq. (1) and the expression of the canonical energy-momentum tensor
T cµν = (∂νAα)
∂L
∂(∂µAα)
− δµνL,
we obtain
T cµν = −(∂νAα)
(
Fµαε− γGF˜µα
)
− δµνL. (20)
The canonical energy-momentum tensor (20) is conserved, ∂µT
c
µν = 0, but
it is not gauge-invariant and symmetrical tensor. To obtain the symmetric
Belinfante tensor we use the relation [18]:
TBµν = T
c
µν + ∂βXβµν , (21)
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where
Xβµν =
1
2
[
Πβσ (Σµν)σρ − Πµσ (Σβν)σρ − Πνσ (Σβµ)σρ
]
Aρ, (22)
Πµσ =
∂L
∂(∂µAσ)
= −Fµσε+ γGF˜µσ. (23)
Because Xβµν = −Xµβν , the equation ∂µ∂βXβµν = 0 holds. As a result,
the symmetrical Belinfante tensor is conserved, ∂µT
B
µν = ∂µT
c
µν = 0. The
generators of the Lorentz transformations Σµα have the matrix elements
(Σµα)σρ = δµσδαρ − δασδµρ, (24)
and from Eqs. (22)-(24), we find
∂βXβµν = Πβµ∂βAν , (25)
and from Eq. (2) one obtains ∂µΠµν = 0. Using Eqs. (22),(25), we find the
Belinfante tensor (21)
TBµν = −Fνα
(
Fµαε− γGF˜µα
)
− δµνL. (26)
The trace of the energy-momentum tensor (26) is
TBµµ = −
4CF√
1− (βF)2
+
4C
β
arcsin(βF) + 2γG2. (27)
If C = 0, γ = 0 we arrive at Maxwell’s electrodynamics, and the trace of the
energy-momentum tensor (27) is zero. According to [18], we use the modified
dilatation current
DBµ = xαT
B
µα + Vµ, (28)
and the field-virial Vµ is given by
Vµ = Παβ
[
δαµδβρ − (Σαµ)βρ
]
Aρ. (29)
One can verify that Vµ = 0, and the modified dilatation current (28) is
DBµ = xαT
B
µα. The divergence of the dilatation current becomes
∂µD
B
µ = T
B
µµ. (30)
Thus, the dilatation (scale) symmetry is violated because the dimensional
parameters β, γ were introduced. It should be noted that in BI electro-
dynamics the scale and conformal symmetries are broken [14], but linear
Maxwell’s electrodynamics is conformal symmetrical theory.
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4.1 Energy of the point-like charge
Let us consider the total electric energy of the charged point-like particle, for
example electron’s energy. One can obtain the energy density of the electric
field (B = 0) from Eq. (26)
ρE = T
B
44
= E2
1
2
+
C√
1− (βE2)2/4
− C
β
arcsin
(
βE2
2
)
. (31)
The variable β1/4E , where E = ∫ ρEdV is a total energy, becomes
β1/4E = e
3/2
211/4
√
pi
∫ ∞
0
√
x
[(
1 +
2C√
1− y4
)
y2 − C arcsin(y2)
]
dx, (32)
where the function x(y) is given by Eq. (14) (e is the charge of the electron).
Changing the variables in Eq. (32), one can represent (32) as
β1/4E = e
3/2
211/4
√
pi
×
∫
1
0
[
y2
(√
1− y4 + 2C
)
− C√1− y4 arcsin(y2)
] [
C (1 + y2) + (1− y4)3/2
]
y5/2(1− y4)3/4
(√
1− y4 + C
)5/2 dy.
(33)
Numerical calculations of the integral (33) give the values β1/4E , for different
parameters C, represented in Table 1. If one assumes that the electron mass
Table 1: The normalized total energy β1/4E of a point-like charged particle
C 0.00001 0.0001 0.001 0.1 0.2 0.3 0.4
β1/4E 0.0271 0.0277 0.0279 0.0263 0.0249 0.0238 0.0228
has a pure electromagnetic nature according to the Abraham and Lorentz
idea [19], [20], [21], then E = 0.51 MeV. Taking the parameter C to be
C = 0.00001, we obtain the length parameter l1 = β
1/4 = 10.49 fm. Thus,
the electromagnetic nature of the electron may be realized in the model
suggested.
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5 Conclusion
Thus, we suggest a new model of nonlinear electrodynamics with three pa-
rameters C, β and γ. The values β1/4, γ1/4 possess the dimensions of the
length and can be treated as affective constants due to some effects, for in-
stance, quantum gravity (in electromagnetic units, according to Eq. (1), the
constants β−1/2 and γ−1/2 have the same dimensions as the field strength).
In the presence of the external constant and uniform induction magnetic field
the phenomenon of vacuum birefringence takes place. In the particular case
when γ = 0 birefringence vanishes. The indices of refraction for two polariza-
tions of electromagnetic waves, parallel and perpendicular to the magnetic
field, were calculated. As a result, phase velocities of electromagnetic waves
depend on polarizations if γ 6= 0. The canonical and symmetrical Belin-
fante energy-momentum tensors and the dilatation current were obtained
showing that the dilatation symmetry is broken in the model considered.
The scale symmetry is violated because the dimensional parameters β, γ
were introduced. We have demonstrated that the electric field of a point-
like charge is not singular, and the maximum possible electric field is equal
to Emax =
√
2/
√
β similar to BI electrodynamics. We show that the static
electric self-energy of point-like particles is finite, and therefore, one can spec-
ulate that the mass of the electron possesses a pure electromagnetic energy
according to old idea.
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